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SPECIAL CUBIC CREMONA TRANSFORMATIONS OF P6 AND P7
GIOVANNI STAGLIANO`
ABSTRACT. A famous result of B. Crauder and S. Katz (1989) concerns the classification of
special Cremona transformations whose base locus has dimension at most two. Furthermore,
they also proved that a special Cremona transformation with base locus of dimension three has
to be one of the following: 1) a quinto-quintic transformation of P5; 2) a cubo-quintic transfor-
mation of P6; or 3) a quadro-quintic transformation of P8. Special Cremona transformations as
in case 1) have been classified by L. Ein and N. Shepherd-Barron (1989), while in our previous
work (2013), we classified special quadro-quintic Cremona transformations of P8. The main
aim here is to consider the problem of classifying special cubo-quintic Cremona transformations
of P6, concluding the classification of special Cremona transformations whose base locus has
dimension three.
INTRODUCTION
In this paper, we investigate special Cremona transformations, i.e. birational transformations
ϕ : Pn 99K Pn of a complex projective space into itself, whose base locus B ⊂ Pn is a smooth
and irreducible variety. One says that ϕ is of type (δ1,δ2) if the linear system defining it (resp.
defining its inverse) belongs to |OPn(δ1)| (resp. |OPn(δ2)|). When the dimension of the base
locus is at most two, B. Crauder and S. Katz obtained the following results:
Theorem 0.1 ([CK89], see also [Kat87]). Let ϕ be a special Cremona transformation of Pn
whose base locus B has dimension 1. Then one of the two following cases occurs:
(1) n= 3, ϕ is of type (3,3), and B is a curve of degree 6 and genus 3;
(2) n= 4, ϕ is of type (2,3), and B is a curve of degree 5 and genus 1.
In the same paper, they also proved the following:
Theorem 0.2 ([CK89], see also [ST69, ST70]). Let ϕ be a special Cremona transformation of
P
n whose base locus B has dimension 2. Then one of the following cases occurs:
(1) n= 4, ϕ is of type (3,2), and B is a quintic elliptic scroll;
(2) n = 4, ϕ is of type (4,4), and B is a degree 10 determinantal surface given by the 4× 4
minors of a 4×5 matrix of linear forms;
(3) n= 5, ϕ is of type (2,2), and B is the Veronese surface;
(4) n= 6, ϕ is of type (2,4), and B is a septic elliptic scroll;
(5) n = 6, ϕ is of type (2,4), and B is P2 blown up at eight points and embedded in P6 as an
octic surface by quartic curves passing through all eight points.
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Furthermore, when B has dimension 3, we have the following possible cases (see [CK91,
Corollary 1], and [ESB89, Theorem 3.2] for the second part of the statement in (1) below):
Proposition 0.3. Let ϕ be a special Cremona transformation of Pn whose base locus B has
dimension 3. Then one of the following cases occurs:
(1) n = 5, ϕ is of type (5,5), and B is a degree 15 determinantal threefold given by the 5× 5
minors of a 5×6 matrix of linear forms;
(2) n= 6 and ϕ is of type (3,5);
(3) n= 8 and ϕ is of type (2,5).
In [Sta13], we classified special Cremona transformations as in case (3) above, by showing
the following:
Theorem 0.4 ([Sta13]). Let ϕ be a special quadratic Cremona transformation of Pn whose base
locus B has dimension 3. Then n = 8, ϕ is of type (2,5), and one of the two following cases
occurs:
(1) B is a scroll over a rational surface Y with K2Y = 5, and it is embedded in P
8 as a threefold
of degree 12 and sectional genus 6;
(2) B is the blow-up of a Fano variety at one point, embedded in P8 as a threefold of degree 13
and sectional genus 8.
In [Sta15], we exhibited an example of Cremona transformation as in case (1) above, while
examples of transformations as in case (2) had been constructed in [HKS92]. The main aim of
this paper is to prove Theorem 0.5 below, which describes the transformations as in case (2) of
Proposition 0.3, concluding the classification of special Cremona transformations whose base
locus has dimension three.
Theorem 0.5. Let ϕ be a special cubic Cremona transformation of Pn whose base locus B has
dimension 3. Then n= 6, ϕ is of type (3,5), and one of the two following cases occurs:
(A) B is a threefold of degree 14, sectional genus 15, and it is Pfaffian (i.e. given by the Pfaffians
of a skew-symmetric matrix) with trivial canonical bundle;
(B) B is a conic bundle over P2, embedded in P6 as a threefold of degree 13 and sectional
genus 12.
An example as in the first case of Theorem 0.5 can be obtained by taking the Pfaffians of the
principal 6×6 minors of a general 7×7 skew-symmetric matrix of linear forms on P6, while an
example as in the second case is a bit more complicated; see Section 4.
From another point of view, if ϕ is a special Cremona transformation of Pn and n ≤ 6, then
the dimension of its base locus is at most three (see [ESB89, Theorem 3.2]). Thus Theorem 0.5
also concludes the classification of the special Cremona transformations of Pn with n ≤ 6. We
know no examples of special Cremona transformations of P7, but the second main result of this
paper is the following:
Theorem 0.6. Let ϕ be a special Cremona transformation of P7. Then ϕ is of type (3,3) and its
base locus is a fourfold of degree 12 and sectional genus 10, which is a fibration over P1 whose
generic fibre is a sextic del Pezzo threefold.
For the convenience of the reader, in Table 1 below we summarize the classification of the
special Cremona transformations of Pn with either n≤ 7 or dimension of the base locus r ≤ 3.
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r n Projective degrees Description of the base locus
I
1
3 3,3 determinantal curve
II 4 2,4,3 quintic elliptic curve
III
2
4 3,4,2 quintic elliptic scroll in lines
IV 4 4,6,4 determinantal surface
V 5 2,4,4,2 Veronese surface
VI 6 2,4,8,9,4 septic elliptic scroll in lines
VII 6 2,4,8,8,4 rational octic surface
VIII
3
5 5,10,10,5 determinantal threefold
IX 8 2,4,8,16,20,14,5 scroll over rational surface with K2 = 5
X 8 2,4,8,16,19,13,5 Fano threefold with one point blown up
XI 6 3,9,13,11,5 Pfaffian threefold
XII 6 3,9,14,12,5 conic bundle over a plane
XIII 4 7 3, 9, 15, 15, 9, 3 del Pezzo fibration over a line
TABLE 1. Special Cremona transformations of Pn with either n≤ 7 or r ≤ 3.
The outline of the paper is as follows. In Section 1, we give some background information;
in particular, we recall some adjunction-theoretic results.
In Section 2, we prove Theorem 0.5, and we will proceed essentially in four steps. Firstly, we
compute the numerical invariants of ϕ and B as functions of λ = deg(B) and of the sectional
genus g ofB. In particular, we determine the Hilbert polynomial ofB (Lemma 2.2), the degrees
of the Chern and Segre classes of the tangent and normal bundle of B (Lemma 2.3), and the
projective degrees of ϕ (Lemma 2.4). Secondly, applying general inequalities for the invariants
of threefolds and for the projective degrees of Cremona transformations, we reduce drastically
the number of pairs (λ ,g) for which such a transformation may exist (see Lemma 2.5). Thirdly,
we apply adjunction theory to deduce a first rough result (Proposition 2.8): either (B,HB) is
minimal of log-general type, or it admits a reduction to a conic bundle over a surface. Four and
last, we refine our result by applying to the general hyperplane section ofB a formula, due to P.
Le Barz, concerning the number of 4-secants of surfaces in P5.
In Section 3, we prove Theorem 0.6, basically by altering slightly the proof of Theorem 0.5 in
order to study the restriction of a special Cremona transformation of P7 to a general hyperplane
P
6 ⊂ P7; indeed one has that this restriction is a cubic transformation of P6 (into a hypersurface
of P7) with a smooth irreducible threefold as base locus.
In Section 4, among others examples, we explain how to construct an example of Cremona
transformation as in case (B) of Theorem 0.5. For this, we will use MACAULAY2 [GS16] with
the Cremona package [Sta17].
We point out that some proofs in this paper are reduced to purely mechanical procedures
of finding out the elements of a given finite set of tuples of integers that satisfy certain given
relations. So a computer is very helpful, although not indispensable.
1. PRELIMINARIES
1.1. Overview on adjunction theory for threefolds. Since some adjunction theoretic results
are central for us, in this subsection we summarize them for the convenience of the reader. For
details, proofs, and history on these results, we refer to the papers [Fuj90, BS95, Ion84, Ion86,
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Som86, SV87, BBS89] and references therein. As usual, we do not distinguish between line
bundles and divisors.
Let X be a smooth irreducible threefold, H a very ample divisor on X , and denote by K the
canonical divisor of X . The degree of the polarized pair (X ,H) is H3, and the sectional genus
g= g(X ,H) is defined by 2g−2= (K+2H)H2.
A pair (X ′,H ′), where X ′ is a smooth irreducible threefold and H ′ an ample divisor on X ′, is
said to be a reduction of (X ,H) if there is a morphism pi : X → X ′ expressing X as the blowing-
up of X ′ at a finite number of distinct points p1, . . . , pν (not infinitely near), and moreover,
denoting by Ei = pi
−1(pi) the exceptional divisors and by K
′ the canonical divisor of X ′, we have
H ≈ pi∗H ′−∑νi=1Ei or equivalently K+2H ≈ pi
∗(K′+2H ′). Of course, we have H ′3 = H3+ν
and g(X ′,H ′) = g(X ,H). When K+ 2H is nef and big, there is a reduction (X ′,H ′), uniquely
determined by (X ,H), such that K′+ 2H ′ is ample. So, in this case, we refer to (X ′,H ′) as the
(minimal) reduction of (X ,H), and denote by ν = ν(X ,H) the number of points blown up on X ′.
Consider the complete linear system |K + 2H| on X . It is base-point free unless (X ,H) is
one of the following: (P3,OP3(1)), the quadric (Q
3,OQ3(1)), or a scroll over a curve. The
map Φ = Φ|K+2H|, when defined, is called the adjunction map, and we write Φ = σ ◦ Φˆ for
the Remmert-Stein factorization of Φ; so Φˆ is a morphism with connected fibers onto a normal
variety, and σ is a finite map.
Fact 1.1. If the adjunction map Φ is defined, then there are the following possibilities:
(I) dimΦ(X) = 0 and (X ,H) is a del Pezzo variety, i.e. a Fano variety of coindex 2;
(II) dimΦ(X) = 1 and Φˆ expresses X as a quadric fibration over a curve (i.e. any closed fibre
of Φˆ is embedded as a quadric surface by the restriction of H);
(III) dimΦ(X) = 2 and Φˆ expresses X as a scroll over a smooth surface (i.e. any fibre of Φˆ is
embedded as a line by the restriction of H);
(IV) dimΦ(X) = 3, X ′ := Φˆ(X) is smooth, H ′ := Φˆ∗(H) is ample, and (X
′,H ′) is the minimal
reduction of (X ,H); moreover K′+2H ′ is very ample (K′ stands for the canonical divisor
of X ′).
Thus, except for a small list of well understood cases, K + 2H is nef and big, and (X ,H)
admits a reduction (X ′,H ′) with K′+ 2H ′ ample. When moreover K′+H ′ is nef and big, one
says that (X ′,H ′) is of log-general type. In this case, a smooth member of |H ′| is a minimal
surface of general type. We have the following:
Fact 1.2. Let (X ′,H ′) be a reduction of (X ,H). Then K′+H ′ is nef and big unless either:
(I) (X ′,H ′)≃ (P3,OP3(3));
(II) (X ′,H ′)≃ (Q,OQ(2)), where Q is a quadric in P
4;
(III) (X ′,H ′) is a Veronese fibration over a smooth curve Y , hence there is a surjective mor-
phism pi : X ′ → Y whose general fibre is (P2,OP2(2)) and 2K
′+ 3H ′ ≈ pi∗L for some
ample line bundle L on Y;
(IV) (X ′,H ′) is a Mukai variety, i.e. a Fano variety of coindex 3;
(V) (X ′,H ′) is a del Pezzo fibration over a smooth curve Y , hence there exists a surjective
morphism pi : X ′→Y and K′+H ′ ≈ pi∗L for some ample line bundle L on Y;
(VI) (X ′,H ′) is a conic bundle over a surface Y , hence there exists a surjective morphism
pi : X ′→Y and K′+H ′ ≈ pi∗L for some ample line bundle L on Y .
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The pluridegrees of (X ′,H ′), for j = 0, . . . ,3, where (X ′,H ′) is the reduction of (X ,H), are
defined as d j = d j(X
′,H ′) = (K′+H ′) jH ′3− j. The following result collects several inequalities,
proved in [BBS89], for the pluridegrees in the case when (X ′,H ′) is of log-general type.
Fact 1.3. Assume that K + 2H is nef and big, and let (X ′,H ′) be the reduction of (X ,H). If
K′+H ′ is nef and big, then the following inequalities hold:
(i) d1 ≥ 1, d2 ≥ 3, d3 ≥ 1;
(ii) d21 ≥ d2d0, d
2
2 ≥ d3d1;
(iii) d31 ≥ d3d
2
0 , d
3
2 ≥ d
2
3d0;
(iv) 5d1 ≥ d0, 5d2 ≥ d1, 5d3 ≥ d2;
(v) if it is not true that d3 = 1, d2 = 5, and d1 ≤ 25, then 4d1 ≥ d0, 4d2 ≥ d1, and 4d3 ≥ d2;
(vi) 2(χ(OX ′)− χ(OX ′(−H
′)))−6≤ d2 < 9(χ(OX ′)− χ(OX ′(−H
′)));
(vii) (3d2+2d1−d0+12(χ(OX ′)− χ(OX ′(−H
′))))/32 ≥ χ(OX ′);
(viii) 2d3+7d2+12d1−3d0+30χ(OX ′)+18χ(OX ′(−H
′))≥ 0;
(ix) 24(χ(OX ′)− χ(OX ′(−H
′)))+2g−2−2d2− c3(TX ′)≥ 0.
1.2. Projective degrees of Cremona transformations. Recall that the k-th projective degree
degk(ϕ) of a Cremona transformation ϕ : P
n
99KP
n is the degree of the inverse image ϕ−1(Pn−k)
of a general linear subspace Pn−k ⊆ Pn; in other words, the projective degrees of ϕ are the
multidegree of its graph, considered as a cycle on Pn×Pn. The following general result puts
restrictions on the possible projective degrees of Cremona transformations. The first part is easy
and due to L. Cremona; the second part is an application of Hodge type inequalities contained
in [Laz04, Corollary 1.6.3]; see also [Dol11, Subsection 1.4].
Fact 1.4. Let ϕ : Pn 99K Pn be a Cremona transformation. The following hold:
• 1≤ degi+ j(ϕ)≤ degi(ϕ) deg j(ϕ), for 0≤ i, j ≤ n, with i+ j ≤ n;
• degi−1(ϕ) degi+1(ϕ)≤ degi(ϕ)
2
, for 1≤ i≤ n−1.
The next result concerns the computation of the projective degrees. The only non-trivial part
is the second equality of (1.2), and this is essentially shown in [CK89, p. 291]. It is a special case
of the well-known relationship between the projective degrees of a rational map from Pn and the
Segre class of the base locus in Pn (see [Ful84, Proposition 4.4] and [Dol11, Subsection 2.3]).
Fact 1.5. Let ϕ : Pn 99K Pn be a special Cremona transformation of type (δ1,δ2). Let B be its
base locus, r = dim(B), and let si(B) = si(NB,Pn)H
r−i
B be the degree of the i-th Segre class of
the normal bundle ofB. Then the following hold for k = 0, . . . ,n:
deg0(ϕ) = deg0(ϕ
−1) = 1, deg1(ϕ) = δ1, deg1(ϕ
−1) = δ2;(1.1)
degk(ϕ
−1) = degn−k(ϕ)
= δ n−k1 −
(
n− k
r− k
)
δ r−k1 deg(B)−
r−1
∑
i=k
(
n− k
i− k
)
δ i−k1 sr−i(B).
(1.2)
1.3. Some general constraints on special Cremona transformations. Let ϕ be a special Cre-
mona transformation of type (δ1,δ2) of P
n, and let B (resp. B′) denote the base locus of ϕ
(resp. of ϕ−1). In [ESB89, Lemma 2.4] (see also [CK89]) the following formulas are obtained:
(1.3) n=
(δ1δ2−1) dimB+(δ1+1)δ2−2
(δ1−1)δ2
=
(δ1δ2−1) dimB
′+(δ2+1)δ1−2
(δ2−1)δ1
,
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and one has 2≤ δ1,δ2 ≤ n and 1≤ dimB,dimB
′ ≤ n−2. When n≥ 6, one has δ1 ≤ n−1 and
dimB≤ n−3, see [ESB89, Theorem 3.2].
Let k0 = k0(ϕ) = (n− dimB)δ1− (n+ 1). A simple application of the Kawamata-Viehweg
vanishing theorem applied on the blowing-up of Pn along the base locus of ϕ gives the following
(see e.g. [Sta12, Lemma 4.3], [Rus09, Proposition 4.2(ii)], or [Ver01, Corollary 2.12]):
(1.4) hi(Pn,IB,Pn(k)) = 0, for i≥ 1 provided k ≥ k0.
As one has h0(Pn,IB,Pn(δ1−1)) = 0 and h
0(Pn,IB,Pn(δ1)) = n+1, by (1.4) one always gets
at least two conditions for the Hilbert polynomial of B. Note also that for k ≥ k0+1, (1.4) is a
consequence of the main result in [BEL91].
1.4. Four-secants of surfaces in P5. Recall the formula, due to P. Le Barz, calculating the
number of 4-secant lines of a surface S⊂ P5.
Fact 1.6 ([LB80], see also [LB81]). Let S⊂ P5 be a smooth surface that contains at most finitely
many lines and put κ = KSHS, ζ = K
2
S , θ = c2(TS), and λ = H
2
S . Then the number of 4-secant
lines of S, if finite, is given by
24−1
(
3λ 4−36κλ 2−6ζλ 2+6θλ 2−90λ 3+78κ2
+30κζ +3ζ 2−30κθ −6ζθ +3θ2+612κλ +116ζλ −100θλ
+855λ 2−1980κ −510ζ +294θ −2466λ
)
− ∑
l line
l⊂S
(
5+ l2
4
)
.
2. PROOF OF THEOREM 0.5
Let ϕ be a special cubic Cremona transformation whose base locus has dimension 3. By (1.3)
this is the same as saying that ϕ is a special cubic Cremona transformation of P6. Then ϕ is
of type (3,5), and the base locus B ⊂ P6 is a smooth irreducible threefold cut out by 7 cubic
hypersurfaces.
2.1. Numerical invariants of the transformation. In this subsection, we compute the numeri-
cal invariants ofB and ϕ as functions of λ and g, where λ and g denote, respectively, the degree
and the sectional genus of B.
Lemma 2.1. The following hold:
• h0(P6,IB,P6(1)) = h
0(P6,IB,P6(2)) = 0 and h
0(P6,IB,P6(3)) = 7;
• hi(P6,IB,P6( j)) = 0, for every i≥ 1 and j ≥ 2;
• h1(P6,IB,P6(1)) = 0, i.e. B is linearly normal.
Proof. The first statement is contained in [ESB89, Proposition 2.5], and the second follows by
(1.4). If B ⊂ P6 is not linearly normal, then there exists a smooth nondegenerate threefold
X ⊂ P7 with Sec(X) 6= P7 and such that X is projected isomorphically onto B. But such X ’s are
completely classified in [Fuj82], and none of them may be possible in our case. 
SPECIAL CUBIC CREMONA TRANSFORMATIONS OF P6 AND P7 7
Lemma 2.2. The Hilbert polynomial of B is
χ(OB(tHB)) = λ
(
t+3
3
)
+(−λ −g+1)
(
t+2
2
)
+(−6λ +4g+45)(t+1)+ (14λ −6g−113).
Proof. From Lemma 2.1 and the exact sequence 0→IB,P6 →OP6 →OB → 0, we deduce two
conditions for the Hilbert polynomial ofB. That is
χ(OB(3)) = h
0(OB(3)) = h
0(OP6(3))−h
0(IB,P6(3)) = 77,
χ(OB(2)) = h
0(OB(2)) = h
0(OP6(2)) = 28. 
Lemma 2.3. Let KB and HB be, respectively, a canonical divisor and a hyperplane section
divisor of B. For i = 1,2,3, let ci = ci(TB)H
3−i
B (resp. ci = ci(NB,P6)H
3−i
B ) be the degree of
the i-th Chern class of the tangent (resp. normal) bundle ofB, and let si = si(NB,P6)H
3−i
B (resp.
si = si(TB)H
3−i
B ) be the degree of the i-th Segre class of the normal (resp. tangent) bundle of
B. Also, let S⊂ P5 denote a smooth hyperplane section ofB. Then, with this notation, we have:
(i) c1 = 2λ −2g+2, c2 =−29λ +16g+222, c3 = 230λ −102g−1788;
(ii) s1 =−5λ −2g+2, s2 =−15λ +30g+208, s3 = 405λ −270g−3286;
(iii) c1 = 5λ +2g−2, c2 =−3λ +12g+100, c3 = λ
2;
(iv) s1 =−2λ +2g−2, s2 =−10λ −2g+114, s3 = λ
2+77λ −28g−756;
(v) KBH
2
B =−2λ +2g−2, K
2
BHB =−39λ +14g+336, K
3
B = λ
2−77λ +14g+672;
(vi) KSHS =−λ +2g−2, K
2
S =−42λ +18g+332, c2(TS) =−30λ +18g+220.
Proof. For every smooth threefold B, by Hirzebruch-Riemann-Roch formula (see [Har77, App.
A, Exercise 6.7]) and using that s(TB) = c(TB)
−1 we deduce:
s1(TB)H
2
B =−c1(TB)H
2
B = KBH
2
B,(2.1)
s2(TB)HB = c1(TB)
2HB− c2(TB)HB = K
2
BHB− c2(TB)HB,(2.2)
s3(TB) =−c1(TB)
3+2c1(TB)c2(TB)− c3(TB)
= K3B+48χ(OB)− c3(TB),
(2.3)
KBH
2
B = 2(g−1−H
3
B),(2.4)
K2BHB = 12(χ(OB(HB))− χ(OB))−2H
3
B+3KBH
2
B− c2(TB)HB.(2.5)
Using that B is embedded in P6, we also obtain the relation (see [LS86, p. 543]):
(2.6) K3B = c3(TB)+7c2(TB)HB−48χ(OB)+ (H
3
B)
2−35H3B−21KBH
2
B−7K
2
BHB.
Moreover, from the exact sequence 0→ TB → TP6 |B → NB,P6 → 0 and since s(NB,P6) =
c(NB,P6)
−1 and s(TB) = c(TB)
−1, we deduce:
c1(TB)H
2
B = 7H
3
B+ s1(NB,P6)H
2
B,(2.7)
c2(TB)HB = 21H
3
B+7s1(NB,P6)H
2
B+ s2(NB,P6)HB,(2.8)
c3(TB) = 35H
3
B+21s1(NB,P6)H
2
B+7s2(NB,P6)HB+ s3(NB,P6);(2.9)
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c1(NB,P6)H
2
B = 7H
3
B+ s1(TB)H
2
B,(2.10)
c2(NB,P6)HB = 21H
3
B+7s1(TB)H
2
B+ s2(TB)HB,(2.11)
c3(NB,P6) = 35H
3
B+21s1(TB)H
2
B+7s2(TB)HB+ s3(TB).(2.12)
Now, using that B is the base locus of a Cremona transformation of P6 of type (3,5), from
Fact 1.5 we obtain:
1= deg6(ϕ) =−540H
3
B−135s1(NB,P6)H
2
B−18s2(NB,P6)HB− s3(NB,P6)+729,(2.13)
5= deg5(ϕ) =−90H
3
B−15s1(NB,P6)H
2
B− s2(NB,P6)HB+243.(2.14)
Finally, for every smooth threefold B, if S is a smooth hyperplane section, from the exact se-
quence 0→TS →TB|S →OS(HS)→ 0, we get
(2.15) c2(TS) = c2(TB)HB+KSHS = c2(TB)HB+KBH
2
B+H
3
B,
and we also have
(2.16) K2S = 12χ(OS)− c2(TS) = 12(χ(OB)− χ(OB(−HB)))− c2(TS).
Now, using also Lemma 2.2, the proof is reduced to solving a system of linear equations with
coefficients rational functions of λ and g. 
Lemma 2.4. The projective degrees of ϕ are as follows: deg0(ϕ)= 1, deg1(ϕ)= 3, deg2(ϕ)= 9,
deg3(ϕ) = 27−λ , deg4(ϕ) =−7λ +2g+79, deg5(ϕ) = 5, deg6(ϕ) = 1.
Proof. It follows directly from Lemma 2.3(ii) and Fact 1.5. 
2.2. Reducing to a short list of not excluded cases. In this subsection we prove the following:
Lemma 2.5. There are 33 not excluded pairs (λ ,g). These are the following: (8,1), (9,3),
(9,4), (10,5), (10,6), (11,7), (11,8), (11,9), (12,9), (12,10), (12,11), (12,12), (13,12),
(13,13), (13,14), (13,15), (14,14), (14,15), (14,16), (14,17), (14,18), (15,17), (15,18),
(15,19), (15,20), (15,21), (16,21), (16,22), (16,23), (17,24), (17,25), (18,27), (18,28).
Proof. Firstly, we note that there are a finite number of not excluded pairs (λ ,g). Indeed, sinceB
is a smooth nondegenerate scheme cut out by cubics and of codimension 3, we have 3≤ λ ≤ 27.
Further, we have g≥ 0 and the well-known Castelnuovo’s bound (see e.g. [BB05, p. 4]) provides
an upper bound for g as a function of λ . This rough argument leaves 889 pairs (λ ,g).
Now, from [LS86, Theorem 0.7.3], for any smooth threefold (B,HB), denoting by S a smooth
hyperplane section, one has the inequalities:
K3B+6K
2
BHB+15KBH
2
B+20H
3
B− c3(TB)+48χ(OB)−6c2(TB)HB ≥ 0,(2.17)
K2S +4KSHS+6H
2
S ≥ c2(TS),(2.18)
2c2(TS)≥ c3(TB)−2g+2,(2.19)
−24χ(OB)+3K
2
BHB+15KBH
2
B+2c2(TB)HB+20H
3
B+ c3(TB)≥ 0.(2.20)
So, applying Lemmas 2.2 and 2.3, respectively, we obtain:
(2.21)
g≤ (λ 2+7λ −102)/10, g≥ (5λ −52)/4,
g≥ (145λ −1113)/70, g≥ (147λ −1242)/74.
In particular, the first inequality provides a refinement of the Castelnuovo’s bound. All these
inequalities restrict the set of not excluded pairs (λ ,g) to a set of 312 elements.
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Finally, using Lemma 2.4, we apply all the inequalities in Fact 1.4. This turns out to be
equivalent to applying just the following:
(2.22)
deg1(ϕ) deg3(ϕ)≥ deg4(ϕ), deg1(ϕ) deg4(ϕ)≥ deg5(ϕ),
deg3(ϕ)
2 ≥ deg2(ϕ) deg4(ϕ), deg4(ϕ)
2 ≥ deg3(ϕ) deg5(ϕ),
deg5(ϕ)
2 ≥ deg4(ϕ) deg6(ϕ).
Which respectively become:
(2.23)
4λ −2g+2≥ 0, −21λ +6g+232≥ 0,
λ 2+9λ −18g+18≥ 0, 49λ 2−28λg+4g2−1101λ +316g+6106 ≥ 0,
7λ −2g−54≥ 0.
This restricts the set of pairs (λ ,g) to the set of 33 elements as stated. 
2.3. Applying adjunction theoretic results. The following result, thanks to Fact 1.1, say us
that (B,HB) admits a unique minimal reduction.
Lemma 2.6. The adjunction map Φ = Φ|KB+2HB| is defined and has image of dimension 3. In
other words, B ⊂ P6 is not a del Pezzo variety, and it is different from a scroll over either a
curve or a surface, as well as from a quadric fibration over a curve.
Proof. If B is a scroll over a curve, we must have (KB + 3HB)
3 = 0; while if B is a scroll
over a surface, or a quadric fibration over a curve, or a del Pezzo variety, then we must have
(KB+2HB)
3 = 0. From Lemma 2.3(v), these two relations, respectively, become λ 2−455λ +
194g+3642 = 0 and λ 2−327λ +122g+2664 = 0. But there is no pair (λ ,g), not excluded by
Lemma 2.5, that satisfies any of them. 
Let (R,HR) denote the minimal reduction of (B,HB) and let ν = ν(B,HB) be the number
of exceptional divisors on (B,HB). In the following result, we compute the numerical invariants
of R as functions of λ , g, and ν .
Lemma 2.7. We have
(i) χ(OR(tHR)) = (λ +ν)
(
t+3
3
)
+(−λ −g−ν +1)
(
t+2
2
)
+(−6λ +4g+45)(t+1)+(14λ −
6g−113);
(ii) KRH
2
R =−2d+2g−2ν−2, K
2
RHR =−39λ +14g+4ν +336, K
3
R = λ
2−77λ +14g−
8ν +672;
(iii) c1(TR)H
2
R = 2λ − 2g+ 2ν + 2, c2(TR)HR = −29λ + 16g+ 222, c3(TR) = 230λ −
102g−2ν −1788;
(iv) for a smooth element P ∈ |HR|, K
2
P = −42λ + 18g+ ν + 332, c2(TP) = −30λ + 18g−
ν +220.
Proof. Let pi : B→ R be the map of the blowing-up along the points p1, . . . , pν , and denote
by Ei = pi
−1(pi) the exceptional divisors. Since KB ≈ pi
∗KR + 2∑
ν
i=1Ei and HB ≈ pi
∗HR−
∑νi=1Ei, one obtains KRH
2
R = KBH
2
B− 2ν , K
2
RHR = K
2
BHB+ 4ν , and K
3
R = K
3
B− 8ν . One
also has c1(TR)H
2
R = c1(TB)H
2
B+2ν , and from [GH78, p. 609] it follows that c2(TR)HR =
c2(TB)HB. Now, using Hirzebruch-Riemann-Roch formula, one deduces that for every t ∈ Z,
χ(OR(tHR)) = χ(OB(tHB))+ ν (t
3+ 3t2+ 2t)/6; in particular, χ(OR(tHR)) = χ(OB(tHB))
for t = 0,−1,−2. As an application of double point formulas, see [BB05, Lemma 3.3], one
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deduces that s3(TR) = −21s1(TR)H
2
R− 7s2(TR)HR+ (H
3
R− ν)
2− 35H3R + 15ν , and from
this and (2.6) one has:
c3(TR) = K
3
R+48χ(OR)− s3(TR)
= K3R+48χ(OR)+21KRH
2
R+7(K
2
RHR− c2(TR)HR)
− (H3R−ν)
2+35H3R−15ν
=−7c2(TB)HB+48χ(OB)−λ
2+35λ +21KBH
2
B
+7K2BHB+K
3
B−2ν
(by (2.6))= c3(TB)−2ν .
Finally, part (iv) is obtained through the analogue formulas of (2.15) and (2.16). 
Proposition 2.8. One of the two following possibilities occurs:
(A) (R,HR) is of log-general type, and (λ ,g,ν) ∈ {(14,15,0), (18,27,0)};
(B) (R,HR) is a conic bundle over a surface, and ν = λ
2−199λ +62g+1674.
Proof. We apply Fact 1.2 in order to recognize when KR+HR is nef and big. One sees easily
that (R,HR) cannot be as in Fact 1.2, cases (I) and (II). Assume that (R,HR) is as in Fact 1.2,
case (III). Then, from Lemma 2.7(ii), we obtain the two conditions:
0= (2KR+3HR)
3 = 8λ 2−2101λ +724g−ν +17364,(2.24)
0= (2KR+3HR)
2HR =−171λ +80g+ν +1320.(2.25)
Thus we must have ν = 8λ 2− 2101λ + 724g+ 17364 = 171λ − 80g− 1320, but there are no
pairs (λ ,g), not excluded by Lemma 2.5, that satisfy it. Similarly, if (R,HR) is as in Fact
1.2, case (V), we deduce that ν = λ 2−199λ +62g+1674 = 42λ −18g−332, which is again
impossible. Now, assume that (R,HR) is as in Fact 1.2, case (IV). The three conditions K
3
R+
H3R = K
2
RHR−H
3
R = KRH
2
R+H
3
R = 0 become λ
2− 76λ + 14g− 7ν + 672 = −40λ + 14g+
3ν +336 =−λ +2g−ν−2= 0, but there is no 3-tuple of integers that satisfies them. Finally,
if (R,HR) is as in Fact 1.2, case (VI), i.e. a conic bundle over a surface, we then deduce the
relation: 0= (KR+HR)
3 = λ 2−199λ +62g−ν +1674.
Now, if KR+HR is nef and big, using again Lemma 2.7, we can apply all the inequalities
contained in Fact 1.3. For example, the obvious inequality d1 ≥ 1 translates to ν ≤−λ +2g−3,
and in particular we see that only finitely many triples (λ ,g,ν) are not excluded (more precisely,
there are 478 not excluded triples). If now one applies the inequality d21 − d2 d0 ≥ 0, which
translates to 43λ 2 − 22λg+ 4g2 + 43λν − 22gν − 328λ − 8g− 328ν + 4 ≥ 0, then only 18
triples are not excluded. Among these, only (14,15,0) and (18,27,0) are not excluded by d2 =
−42λ +18g+ν +332≥ 1 and d3 = λ
2−199λ +62g−ν +1674≥ 1 (and not excluded by any
other inequality stated in Fact 1.3). 
2.4. Applying Le Barz’s formula. We can apply Fact 1.6 to the general hyperplane section
S⊂ P5 ofB⊂ P6, by taking into account the following:
• S⊂ P5 can contain at most finitely many lines, and all them have self-intersection ≤−1;
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• the exceptional divisors ofB correspond to the lines l⊂ Swith self-intersection l2 =−1;
and so we have
(2.26) ∑
l line
l⊂S
(
5+ l2
4
)
= ν + ∑
l line, l⊂S
l2≤−6
(
5+ l2
4
)
≥ ν ;
• since S ⊂ P5 is cut out by cubics, it cannot have 4-secant lines.
Thus, using (2.26) and Lemma 2.3(vi), from Fact 1.6 we deduce the following inequality:
ν ≤ (1/8)λ 4+(3/4)λ 3−3λ 2g− (453/8)λ 2 +20λg+13g2
+(2835/4)λ −73g−2894.
(2.27)
Now, from Proposition 2.8 and the inequality (2.27), one deduces that there are only the two
following possibilities:
(A’) (λ ,g,ν) = (14,15,0) and (B,HB) = (R,HR) is of log-general type;
(B’) (λ ,g,ν) = (13,12,0) and (B,HB) = (R,HR) has the structure of a conic bundle over a
polarized surface (Y,HY ).
2.5. Conclusion of the proof. In case (B’) above, (by Lemma 2.7) we get h0(KR +HR) =
h3(−HR) = −χ(OR(−HR)) = 3 and d2(R,HR) = 2. From this, it follows that (Y,HY ) =
(P2,OP2(1)), see [BB05, Proposition 11.5]. Assume now that B is as in case (A’). We first
show that K = KB is numerically trivial with the same argument as in [Deb01, (3.8), p. 69].
So, let C be a fixed irreducible curve on B. A standard argument (see for example loc. cit.)
and Bertini theorem assures that for m sufficiently large there exists an irreducible and reduced
Y ∈ |mH| containing C (H = HB stands for the hyperplane divisor). From Lemma 2.3(v), we
see that K|Y ·H|Y = K ·H · (mH) =m(K ·H
2) = 0 and that K|2Y = K ·K · (mH) =m(K
2 ·H) = 0.
Thus, applying Hodge index theorem on the irreducible surface Y (see [Kle71, The´ore`me 7.1]),
we deduce that K|Y is numerically trivial. It follows that K ·C = K|Y ·C = 0, and hence that K
is numerically trivial. Now, from [Kaw85, Theorem 8.2], we deduce that the Kodaira dimension
of B is zero, and consequently, from [LS86, Corollary 1.1.2], we deduce that K is trivial. Now
we conclude that B is Pfaffian from the main result in [Wal96].
3. PROOF OF THEOREM 0.6
Let ϕ be a special Cremona transformation of P7. Denote by B (resp. B′) the base locus
of ϕ (resp. ϕ−1), and by (δ1,δ2) the type of ϕ . From (1.3) and since one has dimB ≤ 4, it
follows dimB= dimB′ = 4 and δ1 = δ2 = 3. Thus the restriction of ϕ to a general hyperplane
P
6 ⊂ P7 is a cubo-cubic birational transformation of P6 into a cubic hypersurface of P7 whose
base locus is a smooth irreducible threefold X ⊂ P6, which is a general hyperplane section of
B. We now conclude the proof of Theorem 0.6 by adapting the proof of Theorem 0.5 in order
to get information on X and hence onB.
Proof of Theorem 0.6. Keep the notation as above. As codimB= codimB′≥ 3 we have degi(ϕ)=
deg7−i(ϕ) = 3
i for i= 0,1,2, and by (1.2) we can express deg3(ϕ) and deg4(ϕ) as functions of
λ = degB and of the sectional genus g ofB; namely, we have:
(3.1)
deg1(ϕ) = 3, deg2(ϕ) = 9, deg3(ϕ) =−λ +27,
deg4(ϕ) =−7λ +2g+79, deg5(ϕ) = 9, deg6(ϕ) = 3.
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By (1.4) we deduce thatB is projectively normal and its Hilbert polynomial, PB(t), satisfies the
conditions: PB(3) = 112, PB(2) = 36, and PB(1) = 8, from which it follows that PB(t) has the
following expression:
λ
(
t+4
4
)
+(−λ −g+1)
(
t+3
3
)
+(−6λ +4g+44)
(
t+2
2
)
+(14λ −6g−110)(t+1)+ (−11λ +4g+92).
From (1.2) and (3.1) one determines the degrees of the Segre classes of the normal bundle of
B, and then, from the formulas in the proof of Lemma 2.3, one obtains the numerical invariants
of X as functions of λ and g. In particular, denoting by KX and HX , respectively, a canonical
divisor and a hyperplane section divisor of X , and by S a smooth member of |HX |, one has:
KXH
2
X =−2λ +2g−2,
K2XHX =−39λ +14g+328,
K3X = λ
2−77λ +14g+646;
(3.2)
K2S =−42λ +18g+324, c2(TS) =−30λ +18g+216.(3.3)
Now we proceed as in Lemma 2.5, by applying the inequalities (2.17), (2.18), (2.19) and (2.20)
to the threefold X , and the inequalities (2.22) to the Cremona transformation ϕ . Then, using also
that λ and g are non-negative integers bounded above, respectively, by 27 and by the Casteln-
uovo’s bound, one can show that there are only 27 not excluded pairs (λ ,g), which are the
following: (8,2), (9,4), (10,6), (10,7), (11,8), (11,9), (11,10), (12,10), (12,11), (12,12),
(12,13), (13,12), (13,13), (13,14), (13,15), (13,16), (14,15), (14,16), (14,17), (14,18),
(15,19), (15,20), (15,21), (16,22), (16,23), (17,25), (18,28). One then sees, using (3.2)
and the same argument as in the proof of Lemma 2.6, that (X ,HX) admits a unique minimal
reduction (X ′,H ′), and we denote by ν the number of exceptional divisors on (X ,HX). Now,
quite similarly as we have deduced the inequality (2.27), from (3.3) and Fact 1.6, we deduce the
following:
ν ≤ (1/8)λ 4+(3/4)λ 3−3λ 2g− (445/8)λ 2+20λg+13g2
+(2815/4)λ −83g−2873.
(3.4)
In particular, we see that only finitely many triples (λ ,g,ν) are not excluded (precisely, there
are 859 not excluded triples). We now show that (X ′,H ′) is not of log-general type. Assume by
contradiction that K′+H ′ is nef and big, where K′ stands for the canonical divisor of X ′. From
(3.2) (see also the proof of Lemma 2.7) we can determine the pluridegrees d0, . . . ,d3 of (X
′,H ′)
as functions of λ , g, and ν :
d0 = λ +ν , d1 =−λ +2g−ν−2,
d2 =−42λ +18g+ν +324, d3 = λ
2−199λ +62g−ν +1624.
(3.5)
Then by Fact 1.3 in particular we deduce:
d1 ≥ 1, d2 ≥ 1, d3 ≥ 1,
d21 −d2d0 = 43λ
2−22λg+4g2+43λν −22gν −320λ −8g−320ν +4≥ 0.
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But one can sees that the set of triples (λ ,g,ν) satisfying these inequalities, with (λ ,g) being
one of the 27 not excluded pairs, consists of only one element which is (18,28,0). So (3.5)
becomes:
d0 = 18, d1 = 36, d2 = 72, d3 = 102.
This is impossible by [BBS89, Lemma 1.1, (1.1.2)], because the equality d21 −d2d0 = 0 should
imply d22 − d3d1 = 0, and this is not the case. It follows that (X
′,H ′) is as one of the six cases
of Fact 1.2. Cases (I), (II), (III), and (IV) are easily excluded, arguing as at the beginning of
the proof of Proposition 2.8. Therefore (X ′,H ′) is as in case either (V) or (VI). Then we must
have d3 = (K
′+H ′)3 = 0, which by (3.5) means ν = λ 2− 199λ + 62g+ 1624. But from this
and (3.4) we get that only the triple (λ ,g,ν) = (12,10,0) is not excluded, and in particular (3.5)
becomes: d0 = 12, d1 = 6, d2 = 0, d3 = 0. By d2 = 0 we deduce that case (VI) is impossible.
Thus we conclude that (X ′,H ′) is as in case (V), i.e. a del Pezzo fibration over a polarized curve
(C,HC), and (X ,HX) = (X
′,H ′) is a minimal threefold of degree 12 and sectional genus 10.
Moreover, denoting by F the generic fibre of the fibration, the following facts are known (see
[BB05, p. 13]):
g(C) = 1− χ(OX), deg(HC) =−χ(OX)− χ(OX(−HX)), deg(F) = d1/deg(HC),
from which it follows that (C,HC) = (P
1,OP1(1)) and deg(F) = 6. 
4. EXAMPLES
4.1. A threefold of degree 14 and sectional genus 15. As it was pointed out in [ESB89, Sub-
section 4.2] (see also [CK91, Example on p. 282]), the Pfaffians of the principal 6×6 minors of
a general 7×7 skew-symmetric matrix of linear forms on P6 give a Cremona transformation of
P
6. Its base locus X ⊂ P6, i.e. the vanishing locus of the Pfaffians, is a smooth and irreducible
threefold of degree 14 and sectional genus 15, with trivial canonical bundle and h1(OX) = 0.
Therefore, examples for case (A) of Theorem 0.5 exist. One can also find explicit equations for
such an X with the help of a computer algebra system as MACAULAY2.
4.2. A threefold of degree 13 and sectional genus 12. Here, we construct an example of spe-
cial Cremona transformation as in case (B) of Theorem 0.5. We first construct a threefold in P6
of degree 13 and sectional genus 12, but which turns out to be singular. Let C ⊂ P3 be the iso-
morphic projection of the quintic rational normal curve together with an embedded point p0, and
let p1, . . . , p5 be 5 general points on a general plane passing through p0. Then the homogeneous
ideal of the non-reduced scheme C∪{p1, . . . , p5} ⊂ P
3 is generated by 7 quartics, which define
a quarto-quadric birational map P3 99K P6. The image of this map is an irreducible singular
threefold of degree 13, sectional genus 12, and cut out by 7 cubics. These 7 cubics give a cubo-
quintic Cremona transformation of P6. The next step is to deform this Cremona transformation
in order to obtain a special Cremona transformation with the same invariants. The idea is to
take random restrictions and liftings of the map, but this is easier to do than to explain. In the
following MACAULAY2 code, we get the desired example.
Macaulay2, version 1.9.2.1
with packages: ConwayPolynomials, Elimination, IntegralClosure,
LLLBases, PrimaryDecomposition, ReesAlgebra, TangentCone
i1 : loadPackage "Cremona";
i2 : K = QQ; P1 = K[u_0,u_1]; P3 = K[t_0..t_3]; P6 = K[x_0..x_6];
i6 : curve = trim kernel map(P1,P3,{u_1^5,u_0^5-u_0^3*u_1^2,u_0^4*u_1,u_0*u_1^4});
o6 : Ideal of P3
i7 : points = intersect {ideal(t_3,t_2,t_1),ideal(t_3,t_2,t_0-t_1),
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ideal(t_2-t_3,t_1+t_3,t_0-t_3),ideal(t_2-t_3,t_1+t_3,t_0+t_3),
ideal(t_2-t_3,t_1-t_3,t_0),ideal(t_2-t_3,t_1-t_3,t_0+t_3)};
o7 : Ideal of P3
i8 : time phi = rationalMap kernel(map(P3,P6,gens saturate(points * curve)),3)
-- used 1.77549 seconds
o8 = cubic rational map from PP^6 to PP^6
o8 : RationalMap
i9 : time phi = lift invertBirMap rationalMap(flatten(
(invertBirMap phi)|ideal(x_0-x_1,x_2-x_4)),Dominant=>3)
-- used 104.747 seconds
o9 = cubic rational map from PP^6 to PP^6
o9 : RationalMap
i10 : time phi = invertBirMap lift invertBirMap rationalMap(
flatten(phi|ideal(x_0)),Dominant=>true)
-- used 40.6531 seconds
o10 = cubic rational map from PP^6 to PP^6
Furthermore, the package Cremona (v≥3.9.1) provides the method specialCremonaTransformation
which is able to produce examples of special Cremona transformations according to Table 1. In
particular, we can obtain the example above as follows:
i11 : time phi = specialCremonaTransformation 12
-- used 0.208033 seconds
o11 = Cremona transformation of PP^6 of type (3,5)
o11 : RationalMap
i12 : time projectiveDegrees phi
-- used 0.000019401 seconds
o12 = {1, 3, 9, 14, 12, 5, 1}
o12 : List
Once we have the explicit transformation, the unique non-trivial condition to check is the smooth-
ness of the base locus. This can be done by reducing the characteristic (see [Sta15, Section 2.5]).
Remark 4.1. Following [MP97, Example 5.4 and Theorem 4.1], one can construct another
smooth threefold in P6 of degree 13 and sectional genus 12, but which is not cut out by cu-
bics.
4.3. A threefold of degree 12 and sectional genus 10. According to [BT15, Case 6a, p. 260],
a threefold in P6 of degree 12, sectional genus 10, with a structure of fibration over P1, the
fibers of which are sextic del Pezzo surfaces, exists. This threefold is contained in a quadric
hypersurface of P6, so that it does not define a cubo-cubic transformation as the one constructed
via restriction to a general P6 of the transformation in Theorem 0.6.1
Moreover, a cubo-cubic Cremona transformation of P7 (linearly equivalent to an involution)
whose base locus is a fourfold of degree 12 and sectional genus 10 exists. This is the polar
map of the dual hypersurface of P1×P1×P1 ⊂ P7; its base locus consists of the union of three
P
1×P3 ⊂ P7 intersecting pairwise in a P1×P1×P1 ⊂ P7.
4.4. Two threefolds of degree 10 and sectional genus 6. We conclude with two further exam-
ples of cubic birational transformations of P6.
1Note that there also exist smooth curves of degree 6 and genus 3 in P3, contained in a quadric surface, that do
not define cubo-cubic transformations as in case (1) of Theorem 0.1.
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4.4.1. The 3× 3 minors of a general 3× 5 matrix of linear forms on P6 give a special cubo-
cubic birational transformation of P6 into the Grassmannian G(2,4)⊂P9. Its base locus X ⊂P6,
i.e. the vanishing locus of the 3×3 minors, is a scroll over P2 of degree 10 and sectional genus 6.
4.4.2. The special quadro-cubic birational transformation of P8 into a factorial cubic hypersur-
face of P9, described in [Sta12, Example 5.5], can be extended (using the same method described
in [Sta15]) to a quadro-cubic Cremona transformation of P9. The restriction to a general P6⊂ P9
of the inverse of this Cremona transformation gives us an example of special cubo-quadric bira-
tional transformation of P6 into a factorial complete intersection of three quadrics in P9. Its base
locus is a smooth irreducible threefold of degree 10 and sectional genus 6 that has a structure of
scroll over P2 with four double points blown up; the existence of such a threefold had been left
undecided in [FL97].
Acknowledgements. I wish to thank Francesco Russo for valuable communications and for
posing to me the problem studied in this paper.
REFERENCES
[BB05] G. M. Besana and A. Biancofiore, Numerical constraints for embedded projective manifolds, Forum Math.
17 (2005), no. 4, 613–636.
[BBS89] M. Beltrametti, A. Biancofiore, and A. J. Sommese, Projective n-folds of log-general type. I, Trans. Amer.
Math. Soc. 314 (1989), no. 2, 825–825.
[BEL91] A. Bertram, L. Ein, and R. Lazarsfeld, Vanishing theorems, a theorem of Severi, and the equations defining
projective varieties, J. Amer. Math. Soc. 4 (1991), no. 3, 587–602.
[BS95] M. C. Beltrametti and A. J. Sommese, The adjunction theory of complex projective varieties, de Gruyter
Exp. Math., vol. 16, Walter de Gruyter, Berlin, 1995.
[BT15] M. Bertolini and C. Turrini, Threefolds in P6 of degree 12, Adv. Geom. 15 (2015), no. 2.
[CK89] B. Crauder and S. Katz, Cremona transformations with smooth irreducible fundamental locus, Amer. J.
Math. 111 (1989), no. 2, 289–307.
[CK91] , Cremona transformations and Hartshorne’s conjecture, Amer. J. Math. 113 (1991), no. 2, 269–
285.
[Deb01] O. Debarre, Higher-dimensional algebraic geometry, Universitext, Springer-Verlag, New York, 2001.
[Dol11] I. Dolgachev, Lectures on Cremona transformations, Ann Arbor-Rome, available at
http://www.math.lsa.umich.edu/~idolga/cremonalect.pdf, 2010/2011.
[ESB89] L. Ein and N. Shepherd-Barron, Some special Cremona transformations, Amer. J. Math. 111 (1989), no. 5,
783–800.
[FL97] M. L. Fania and E. L. Livorni, Degree ten manifolds of dimension n greater than or equal to 3, Math.
Nachr. 188 (1997), no. 1, 79–108.
[Fuj82] T. Fujita, Projective threefolds with small secant varieties, Sci. Papers College Gen. Ed. Univ. Tokyo 32
(1982), 33–46.
[Fuj90] , Classification theories of polarized varieties, London Math. Soc. Lecture Note Ser., vol. 155,
Cambridge Univ. Press, Cambridge, 1990.
[Ful84] W. Fulton, Intersection theory, Ergeb. Math. Grenzgeb. (3), no. 2, Springer-Verlag, 1984.
[GH78] P. Griffiths and J. Harris, Principles of algebraic geometry, Pure Appl. Math., Wiley-Intersci., New York,
1978.
[GS16] D. R. Grayson and M. E. Stillman, MACAULAY2— A software system for research in algebraic geometry
(version 1.9.2), available at http://www.math.uiuc.edu/Macaulay2/ , 2016.
[Har77] R. Hartshorne, Algebraic geometry, Grad. Texts in Math., vol. 52, Springer-Verlag, New York-Heidelberg,
1977.
[HKS92] K. Hulek, S. Katz, and F.-O. Schreyer, Cremona transformations and syzygies, Math. Z. 209 (1992), no. 1,
419–443.
16 G. STAGLIANO`
[Ion84] P. Ionescu, Embedded projective varieties of small invariants, Algebraic Geometry Bucharest 1982, Lec-
ture Notes in Math., vol. 1056, Springer-Verlag, Berlin, 1984, pp. 142–186.
[Ion86] , Generalized adjunction and applications, Math. Proc. Cambridge Philos. Soc. 99 (1986), no. 3,
457–472.
[Kat87] S. Katz, The cubo-cubic transformation of P3 is very special, Math. Z. 195 (1987), no. 2, 255–257.
[Kaw85] Y. Kawamata, Minimal models and the Kodaira dimension of algebraic fiber spaces, J. Reine Angew.
Math. 363 (1985), 1–46.
[Kle71] S. Kleiman, Appendix to Expose´ XIII of (SGA 6), The´orie des intersections et the´ore`me de Riemann-Roch,
by P. Berthelot, A. Grothendieck, and L. Illusie, Lecture Notes in Math., vol. 225, Springer-Verlag, 1971.
[Laz04] R. Lazarsfeld, Positivity in algebraic geometry. I, Ergeb. Math. Grenzgeb. (3), vol. 48, Springer-Verlag,
Berlin, 2004, Classical setting: line bundles and linear series.
[LB80] P. Le Barz, Quadrise´cantes d’une surface de P5, C. R. Acad. Sci. Paris Se´r. I Math. 291 (1980), 639–642.
[LB81] , Formules pour les multise´cantes des surfaces, C. R. Acad. Sci. Paris Se´r. I Math. 292 (1981),
797–800.
[LS86] E. L. Livorni and A. J. Sommese, Threefolds of non negative Kodaira dimension with sectional genus less
than or equal to 15, Ann. Sc. Norm. Super. Pisa Cl. Sci. 13 (1986), no. 4, 537–558.
[MP97] J. C. Migliore and C. Peterson, A construction of codimension three arithmetically Gorenstein subschemes
of projective space, Trans. Amer. Math. Soc. 349 (1997), no. 9, 3803–3821.
[Rus09] F. Russo, Varieties with quadratic entry locus, I, Math. Ann. 344 (2009), no. 3, 597–617.
[Som86] A. J. Sommese, On the adjunction theoretic structure of projective varieties, Complex Analysis and Alge-
braic Geometry, Lecture Notes in Math., vol. 1194, Springer Berlin Heidelberg, 1986, pp. 175–213.
[ST69] J. G. Semple and J. A. Tyrrell, The Cremona transformation of S6 by quadrics through a normal elliptic
septimic scroll 1R7, Mathematika 16 (1969), no. 1, 88–97.
[ST70] , The T2,4 of S6 defined by a rational surface
3F8, Proc. Lond. Math. Soc. s3-20 (1970), 205–221.
[Sta12] G. Stagliano`, On special quadratic birational transformations of a projective space into a hypersurface,
Rend. Circ. Mat. Palermo 61 (2012), no. 3, 403–429.
[Sta13] , On special quadratic birational transformations whose base locus has dimension at most three,
Atti Accad. Naz. Lincei Cl. Sci. Fis. Mat. Natur. Rend. Lincei (9) Mat. Appl. 24 (2013), no. 3, 409–436.
[Sta15] , Examples of special quadratic birational transformations into complete intersections of quadrics,
J. Symbolic Comput. 74 (2015), 635–649.
[Sta17] , A Macaulay2 package for computations with rational maps, available at
https://arxiv.org/abs/1701.05329 , 2017.
[SV87] A. J. Sommese and A. Van de Ven, On the adjunction mapping, Math. Ann. 278 (1987), no. 1, 593–603.
[Ver01] P. Vermeire, Some results on secant varieties leading to a geometric flip construction, Compos. Math. 125
(2001), no. 3, 263–282.
[Wal96] C. H. Walter, Pfaffian subschemes, J. Algebraic Geom. 5 (1996), 671–704.
INSTITUTO DE MATEMA´TICA – UNIVERSIDADE FEDERAL FLUMINENSE
E-mail address: giovannistagliano@gmail.com
